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Abstract 
 
The objective of the work is to study the aerodynamic characteristics of 
spinning translating axi-symmetric discs in steady laminar and turbulent flows. 
Applications of this nature are fundamental in unmanned air vehicles (UAVs) and 
sport. The effect of varying Reynolds number and the spin ratio was reported. 
Also, the study included analytical and computational studies of the flow around 
translating spinning discs. 
Further, a coin-shaped disc with a thickness to diameter ratio 0.1 in laminar 
and turbulent flows was simulated using ANSYS CFX 12.1. The moment 
coefficients were compared to experimental data in literature. The results were 
close to the experimental results in the range of Reynolds number examined. 
 Laminar and turbulent flows around an oblate spheroid disc were simulated. 
The problem was tackled through the use of ANSYS CFX 12.1. First a laminar 
flow with Reynolds number 1.59E4 was simulated and aerodynamic loads and 
moments were calculated. Then turbulent flows with Reynolds number ranging 
from 5.13E6 to 1.03E7 were simulated. The angle of attack was varied in the range 
0°  to 30° and the spin ratio was varied in the range 0 to1. 
The results obtained show that the aerodynamic loads and moment 
coefficients are dependent on Reynolds number for the range of the Reynolds 
numbers simulated. It was observed that around Reynolds number 9.24E6 there 
was remarkable surge on the maximum lift to drag ratio. Otherwise, the effect of 
Reynolds number on this ratio was slight. 
For Reynolds number 9.24E6 the effect of spin ratio on the rolling moment 
coefficient was found to be slight. The remaining loads and moment coefficients 
were found to be not affected by the spin ratio. 
Pressure contour plots were presented for both upper and lower surface for 
the angles of attack mentioned.  
Please purchase PDFcamp Printer on http://www.verypdf.com/ to remove this watermark.
v 
 
 
 
 
 
 
κϠΨΘδϣ 
ϫϑΪ΍ΚΤΒϟϟϪΘϛήΣ˯ΎϨΛ΃ϪϟϮΣέϭΪϳϭϩέϮΤϣϝϮΣϞΛΎϤΘϣιήϗϝϮΣϯϮϘϟ΍ϭκ΋ΎμΨϟ΍Δγ΍έΪ
Γή΋ΎϣϭΔϴΤ΋ΎϔλϥΎϳήδϟ΍ΔΒϴΗέϊ΋΍ϮϣϲϓΕΎΒϛήϤϟ΍ϲϓϥϮϜΗωϮϨϟ΍΍άϫϦϣΕΎγ΍έΪϠϟΕΎϘϴΒτΘϟ΍Ϣψόϣ
έΎϴσϥϭΪΑΔϴ΋΍ϮϬϟ΍(UAVs)ΔϴοΎϳήϟ΍ΕΎϘϴΒτΘϟ΍ϭ˲ϞϛΓΩΎϳίήΛ΃Δγ΍έΩΖϤΗΪϗϭΔΒδϧϭΰϟϮϨϳέΩΪϋϦϣ
ϥ΍έϭΪϟ΍ΎϤϛέ΍ϭΪϟ΍ιήϘϟ΍ϝϮΣϥΎϳήδϠϟΔϴΒγϮΤϟ΍ϭΔϳήψϨϟ΍ΐϧ΍ϮΠϟ΍Δγ΍έΪϟ΍ΖϨϤπΗ 
ϲΤ΋Ύϔμϟ΍ϥΎϳήδϟ΍ΓΎϛΎΤϣΖϤΗ ϊϴϓέιήϗϝϮΣή΋ΎϤϟ΍ϭ coin-shapedϲϟ΍ϪϜϤγΔΒδϧ
ϩήτϗϡ΍ΪΨΘγΎΑANSYS CFX 12.1ΠΘϟ΍Ξ΋ΎΘϧϊϣϥ΍έϭΪϟ΍ϡϭΰϋΕϼϣΎόϣΖϧέϮϗϭΔϴϠϤόϟ΍ΏέΎ
ΔϘΑΎδϟ΍Δγ΍έΪϟ΍ΪϴϗΰϟϮϨϳέΩ΍Ϊϋ΍ϱΪϣϲϓΞ΋ΎΘϨϟ΍ϲϓΏέΎϘΗϙΎϨϫϥ΍ΪΟϭΪϗϭ
ϱϮπϴΑϲϧ΍ϭήϛιήϗϝϮΣή΋ΎϤϟ΍ϢΛϲΤ΋Ύϔμϟ΍ϥΎϳήδϟ΍ΓΎϛΎΤϣΖϤΗoblate spheroid
ϭϡ΍ΪΨΘγΎΑΔϟ΄δϤϟ΍ΖΠϟϮϋANSYS CFX 12.1ΰϟϮϨϳέΩΪόΑϲΤ΋Ύϔμϟ΍ϥΎϳήδϟ΍ΓΎϛΎΤϣΖϤΗ˱ϻϭ΍
1.59E4ιήϘϟ΍ϰϠϋΓήΛΆϤϟ΍ϯϮϘϟ΍ϭέϮΤϤϟ΍ϝϮΣϥ΍έϭΪϟ΍ϡϭΰϋΕϼϣΎόϣΖΒδΣϭϥΎϳήδϟ΍ΓΎϛΎΤϣϢΛ
ϱΪϤϟ΍ϲϓΓήϴϐΘϣΰϟϮϨϳέΩ΍ΪϋΎΑή΋ΎϤϟ΍5.13E6ϲϟ΍1.03E7ΪϘϓϡϮΠϬϟ΍Δϳϭ΍ίΎϣ΃ ϯΪϤϟ΍ϲϓΕήϴϐΗ0°
ϲϟ΍  30°ϯΪϤϟ΍ϲϓΕήϴϐΗϥ΍έϭΪϟ΍ΔΒδϧϭϲϟ΍
ϯϮϘϟ΍ΩΎϤΘϋ·ΖΤοϭ΃Ξ΋ΎΘϨϟ΍ΰϟϮϨϳέΩ΍Ϊϋ΃ϯΪϣϲϓΰϟϮϨϳέΩΪϋϰϠϋϡϭΰόϟ΍ΕϼϣΎόϣϭΔϴϛήΤϟ΍
ΎϬΗΎϛΎΤϣΖϤΗϲΘϟ΍ΩΪϋϝϮΣΔϗΎϋϻ΍ϲϟ΍ϊϓήϟ΍ΐδϨϟϰϤψόϟ΍ϢϴϘϟ΍ϲϓΔϴ΋ΎϨΜΘγ·ΓΰϔϗΩϮΟϭφΣϮϟ
ΰϟϮϨϳέ9.24E6.ϪϠϫΎΠΗϦϜϤϳϭϞϴΌοΔϤϴϘϟ΍ϩάϫήϴϏϲϓΰϟϮϨϳέΩΪϋήΛ΃ϥ΃φΣϮϟϭ
ΰϟϮϨϳέΩΪϋΪϨϋ9.24E6ΪΟϭϦϜϤϳϭϒϴόοΝήΣΪΘϟ΍ϡΰϋϰϠϋϥ΍έϭΪϟ΍ΔΒδϧΓΩΎϳίήΛ΍ϥ΍
ϪϟΎϤϫ΍.ϥ΍έϭΪϟ΍ΔΒδϧΓΩΎϳΰΑήΛΎΘΗϢϠϓϡϭΰόϟ΍ΕϼϣΎόϣϭΔϴϛήΤϟ΍ϯϮϘϟ΍ΔϴϘΑΎϣ΍.
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1 Introduction 
1.1 A brief history 
The flying disc is of fundamental interest to aerodynamics researchers. Its applications in 
military crafts and sports gave it a considerable amount of importance.  
Flying discs can be described as axi-symmetric flat plates, coin like shapes (cylinders 
with T/D<<1 where T is the length of the cylinder and D is its diameter) and a circular planform 
lifting surface. See Fig 1.1. 
 
Figure 1.1: A flying disc with the Wham-O registered trademark, "Frisbee" 
  
The perfect design of flying disc aerodynamic shape hasn’t been produced till now. More 
researches were done by Alan Adler, a lecturer at Stanford University who developed flying disc 
to what he called Aerobie  Superdisc® . He defined it as a plastic ring or a disc, of about 3mm 
thickness, that was used by players in thrown objects sports [1]. See fig 1.2. 
 
Figure 1.2: An Aerobie 
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As a spinning disc flies, two physical concepts allow it to travel large distances. These 
are: aerodynamic lift and gyroscopic stability [2]. 
Moreover, flying discs offer interesting possibilities for the development of highly 
manoeuvrable unmanned air vehicles (UAVs) which are like jet minus the pilots. Under 
development also are small classes of unmanned aerial vehicles, called micro-air vehicles 
(MAVs) which were compact, portable, capable of working in hazardous conditions and more 
cost effective than larger aircrafts [3]. See Fig 1.3. 
 
Figure 1.3: Micro-air vehicle  
 
1.2 Statement of the problem 
The case being studied in this work was that of the motion of an axi-symmetric disc 
through air. The disc is spinning about its vertical axis and travelling in both laminar and 
turbulent flows. The far-field velocity range considered was 25 to 50m/s, and the equivalent 
Reynolds numbers are in the range 5.13E6 to 1.03E7. Angles of attack are increased from 0°  to 
30° . Spin ratio, which was defined by the ratio of the spin velocity to the far-field velocity 
increases from 0 to 1.Lift, drag, lift to drag ratio, pitching-, rolling- and yawing- moments, were 
calculated.  
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1.3 Motivation and objective 
The aim of this research is to conduct a CFD analysis for a rotating disc with various 
conditions including spinning rate, angle of attack and forward speed. 
The aerodynamics of spinning flying discs have not been fully studied in literature.  Little 
amount of analytical or experimental work could be found. The reason for studying flow past a 
rotating disc is its prospective use in unmanned air vehicles (UAVs) and its applications in 
sports. 
Computational Fluid Dynamics (CFD) analysis on flow past a rotating disc is cheaper 
than the experimental one. It is also quick in obtaining all the required variables and integrating 
the forces. However, it wouldn’t fully substitute results from experiments. 
 
1.4 Methodology 
Laminar and turbulent flows around an oblate spheroid disc will be simulated using 
ANSYS CFX 12.1. Data for loads and moment coefficients will be obtained under two different 
cases. The first case uses different Reynolds numbers without spinning. In the second case 
various spin ratios are used while Reynolds number is kept constant. 
ANSYS CFX 12.1 software is used to simulate the flow around a coin-shaped spinning 
disc in a flow at rest. The results are compared with existing results in literature.    
1.5 Thesis layout 
 Chapter Two presents the literature review, giving details on the related work. Chapter 
Three covers the mathematical background related to the problem considered. In chapter Four 
the flow due to coin-shaped rotating disc is reported. The study given was the work of Von 
Karman [4] and Cochran [5]. Computational results using ANSYS CFX 12.1 was reported in 
chapter Five and compared with the experimental results reported by Schlichting [6], NACA 
report No 793 [7] and Von Karman’s analysis considered in chapter Four.  
Chapter Six is the main chapter of this thesis. In this chapter ANSYS CFX 12.1 was used 
to simulate the flow around oblate spheroid spinning disc, the effect of spin around the disc, and 
the flow around the disc. The effect of Reynolds number and spin ratio on the aerodynamic loads 
and moments are also included in this chapter.  
In chapter Seven the conclusion and recommendations of the results are written.  
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2. Literature Review 
Computational fluid dynamics is the title of Anderson’s book which was written in 1995 
[8]. He introduced basic thoughts and discussions of the Navier-Stokes equations.  
 Anderson presented fundamental aspects of numerical discretization of the governing 
equations. The discretization of the partial differential equations was covered and the basic 
numerical methods were introduced. Several numerical techniques for solving flow problems 
were presented. The book also covered the finite volume discretization of the integral form of the 
equations.     
For some applications the numerical CFD results were compared with the exact analytical 
solutions. Finally, Anderson discussed algorithm techniques and applications in CFD. 
A general description of flying disc aerodynamics can be found in Rohde [1]. His work 
was focused mainly on the effect of rotation in the separation of flow around the disc and in the 
boundary layer and the aerodynamic loads and moments. 
 He found out that when the rim speed is equal to the forward speed, such that, SR=1, 
there is a single line of boundary layer separation which curled around the left receding rim 
where the wind vanishes and the surface traction is minimal. On the aft portion of the disc the 
flow separation can be eliminated through rotation which causes a centrifugal force and increase 
surface around the aft rim. When the disc was rotated a weak influence on aerodynamic forces 
appears with its rotation. At spin ratio of 0.5 subtle increases in lift accompanied by an equally 
small increase in drag. The influence of rotation on the pressure was found to be weak.  
 Ref [1] reported a research work conducted by Paul Katz studying the possibility 
of a rotating disc in supersonic flow could be a candidate for replacement of ballistic artillery 
shell. The study investigated the stability criteria and flight trajectories. 
Wind tunnel tests for a special flying disc known as Frisbee were done by a group of 
students at Brown University, USA. Frisbee is a registered trademarked name of Wham-O 
Manufacturing. Angle of attack, rotation rate and wind speed were varied. Lift and drag forces 
were measured [1]. 
A wind tunnel test was done by Mugler and Olstad 1960 at the NASA Langley Research 
Centre, the aerodynamic characteristics of a lenticular shape at transonic speed was investigated 
but unfortunately it turned out to be aerodynamically unstable and was abandoned [9].  
Two Japanese researchers at Kyushu University in 1989, Nakamura and Fukamachi [10] 
visualized the flow past a rotating Frisbee in a wind tunnel. Their work was published in the 
Journal Fluid Dynamic Research in 1991 under the title “Visualization of Flow Past a Frisbee”. 
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The effect of spin had been found to cause an asymmetric wake which was symmetric for non 
spinning one. 
Migita [11] had used Computational Fluid Dynamics (CFD) software COMSOL, to show 
the characteristics of a steady low-Reynolds flow over a stationary elliptical airfoil. When 
Reynolds number was around 1000, she stated that as the angle of attack increases vortices are 
developed at the trailing edge and shed into the wake region.  
Along this line of research, Potts and Crowther [12] presented a paper in April 2000 
under the title “The flow over a rotating disc-wing” in the Aerodynamic Research Conference. 
Their work was done under the Fluid Mechanics Research Group, School of Engineering 
University of Manchester, UK.  
It focused mainly on the effect of spin rate on the aerodynamic loads and moments. Also 
the effect of varying Reynolds number by ranging the speed of the tunnel on the lift and drag 
coefficients was studied. Separation of the upper surface and cavity flow was described. The zero 
lift pitching moment which corresponds to the zero lift angle of attack was calculated. The 
positions of the vortices and separation of the flow over the upper surface of the disc and the 
cavity flow were measured.    
In 1972 Stilly and Carstens investigated the aerodynamics of a self-suspended disc-wing. 
No spinning Frisbee model was tested in a wind tunnel. According to their investigation the 
effect of the spin on the loads was found to be negligible [12]. 
A rotating disc called ‘coin-like cylinder’ was studied by Zdravkovich et al. in 1998. It 
was characterized by T/D<<1 (where T is the thickness of the cylinder and D is its diameter). 
The flow over this disc revealed surface patterns namely a semicircular separation line and 
straight line reattachment [12]. 
Potts and Crowther [13] in the 9th International Symposium on Flow Visualization, 2000 
presented a paper under title “Visualization of flow over a disc wing”. They investigated the 
characteristics of the flow past a disc-wing.  In 2001 they published a paper “Flight control of a 
spin stabilized axi-symmetric disc-wing” by the American Institute of Aeronautics and 
Astronautics (AIAA-2001-0253) [14]. They investigated the aerodynamics loads for both 
spinning and non-spinning disc-wings versus angle of attack and compared them to data in 
literature. 
Lazzara et al, measured the aerodynamic loads acting on a flying disc. They found that 
the spin generates a small lift [14]. 
For various flow speeds, Ali [14] measured lift, drag and pitching moments for a non-
spinning disc-wing. 
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Aerodynamic loads and moments versus angle of attack, surface pressure distribution and 
contour plots were discussed in a paper with title ”Frisbee  Aerodynamics” written by Potts and 
Crowther in 2002 [15] and compared to existing data in literature. In the same year they made 
more wind tunnel tests to investigate the aerodynamics of a disc-wing configuration and assess 
the feasibility of various aerodynamic control methodologies, for UAV applications. The effects 
of rim height and rotor blades were studied. This research had the title “A feasibility Study In 
Aerodynamics & Control”.   
Experimental results were reported on a special aircraft which was known by Geobat. 
Lift, drag and moment characteristics were measured and compared to solid disc characteristics. 
This work was done by Bryan Recktenwald, Archangel Gilbert L. Crouse Jr and Anwar Ahmed 
[16].   
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3 Navier-Stokes equations 
 3.1 Introduction 
The Navier–Stokes equations are, by far, the most useful set of fluid mechanics 
equations. They are capable of mathematically simulating a wide range of problems in fluid 
mechanics. They may be used to model weather, ocean currents, water flow in a pipe, flow 
around an airfoil, etc. More over these equations in both full and simplified forms, are used in the 
design of aircraft and cars, the study of blood flow, the analysis of the effects of pollution, etc. 
They were named after Claude-Louis Navier and George Gabriel Stokes. They arise from 
applying Newton's second law to fluid motion, together with the assumption that the fluid stress 
is the sum of a diffusing viscous term proportional to the gradient of velocity, plus a pressure 
term [6]. 
They are composed of three momentum conservation equations and one equation in mass 
conservation. The dependent variables will be the pressure and the three velocity field 
components, so if we use the vector notation to write the general form of the Navier-Stokes 
equations we have Schlichting [6]. 
 
ߩ൬
ࢂ߲
߲ݐ
൅ࢂȉ׏ࢂ൰ൌെ׏݌൅׏ܵ ൅ܶܨ (3.1) 
 
Where ߩ is the density, ࢂ is the velocity vector, ݐ is the time, ݌ is the pressure, ܵܶ  is the 
stress tensor and ܨ is the body force.    
And the same notation for the continuity equation gives 
߲ߩ
߲ݐ
൅׏ǤߩࢂൌͲǤ (3.2) 
The dimensionless time-dependent incompressible Navier Stokes equations  
ࢂ߲
߲ݐ
൅ࢂǤ׏ࢂൌെ׏ܲ ൅
ͳ
ܴ݁
οࢂ (3.3) 
׏ǤࢂൌͲ (3.4) 
 
Where Re is the Reynolds number which could be defined by 
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ܴ݁ ൌ
ߩܦ௖௛ࢂ
ߤ
Ǥ 
Where ܦ௖௛ is the disc chord (here the diameter), ࢂஶ is the wind speed and ߤ is the 
dynamic viscosity.  
The non-linearity of the Navier-Stokes is the cause of the difficulty of finding their exact 
solutions. Schlichting [6] presented solutions of the equations for certain cases, especially when 
the quadratic convective terms vanish.  
Simple numerical methods for solving the Navier-Stokes equations such as discretization 
on a staggered grid, an implicit viscosity step and a projection step were used in this chapter. 
 
3.2 Solving the incompressible Navier-Stokes equation on 3D 
domains 
      Consider the incompressible Navier-Stokes equations in three space dimensions [17] 
ݑ௧൅݌௫ൌെሺݑଶሻ௫െሺݑݒሻ௬െሺݑݓሻ௭൅
ͳ

൫ݑ௫௫൅ݑ௬௬൅ݑ௭௭൯ 
 
(3.5) 
ݒ௧൅݌௬ൌെሺݑݒሻ௫െሺݒଶሻ௬െሺݒݓሻ௭൅
ͳ

൫ݒ௫௫൅ݒ௬௬൅ݒ௭௭൯ 
 
(3.6) 
ݓ௧൅݌௭ൌെሺݑݓሻ௫െሺݒݓሻ௬െሺݓଶሻ௭൅
ͳ

൫ݓ௫௫൅ݓ௬௬൅ݓ௭௭൯ (3.7) 
ݑ௫൅ݒ௬൅ݓ௭ൌͲ (3.8) 
On a 3-D domain ͳൌሾͲǡܺሿൈሾͲǡܻሿൈሾͲǡܼሿ. Figure 3.1 shows the six domain 
boundaries are denoted Top, Bottom, Left, Right, Inward and Outward. The domain is fixed in 
time. Consider the no-slip boundary conditions on each wall and the homogeneous Neumann 
boundary conditions for ݌ [18]. 
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Figure 3.1: The boundary conditions for a 3-D domain 
 
ݑሺݔǡͲǡݖሻൌݑ஻ሺݔሻ ݒሺݔǡͲǡݖሻൌͲ ݓሺݔǡͲǡݖሻൌͲ (3.9) 
ݑሺݔǡܻǡݖሻൌ்ݑሺݔሻ ݒሺݔǡܻǡݖሻൌͲ ݓሺݔǡܻǡݖሻൌͲ (3.10) 
ݑሺݔǡݕǡͲሻൌͲ ݒሺݔǡݕǡͲሻൌݒூሺݕሻ ݓሺݔǡݕǡͲሻൌͲ (3.11) 
ݑሺݔǡݕǡܼሻൌͲ ݒሺݔǡݕǡܼሻൌݒைሺݕሻ ݓሺݔǡݕǡܼሻൌͲ (3.12) 
ݑሺͲǡݕǡݖሻൌͲ ݒሺͲǡݕǡݖሻൌͲ ݓሺͲǡݕǡݖሻൌݓ௅ሺݖሻ (3.13) 
ݑሺܺǡݕǡݖሻൌͲ ݒሺܺǡݕǡݖሻൌͲ ݓሺܺǡݕǡݖሻൌݓோሺݖሻ (3.14) 
Where ்ݑሺݔሻis the value of the function u at the Top boundary, ݑ஻ሺݔሻ is the value of the 
function u at the Bottom boundary, ݒூሺݕሻ is the value of the function v at the Inward boundary, 
ݒைሺݕሻ is the value of the function v at the Outward boundary, ݓ௅ሺݖሻ is the value of the function 
w at the Left boundary andݓோሺݖሻ  is the value of the function w at the Right boundary. 
The momentum equations (3.5), (3.6) and (3.7) describe the time evolution of the 
velocity field ሺݑǡݒǡݓሻ under inertial and viscous forces. The pressure ݌ is a Lagrange multiplier 
to satisfy the incompressibility condition (3.8). The nonlinear terms on the right hand side of the 
momentum equations are equal  
ሺݑଶሻ௫൅ሺݑݒሻ௬൅ሺݑݓሻ௭ൌݑݑ௫൅ݒݑ௬൅ݓݑ௭ (3.15) 
ሺݑݒሻ௫൅ሺݒଶሻ௬൅ሺݒݓሻ௭ൌݑݒ௫൅ݒݒ௬൅ݓݒ௭ (3.16) 
ሺݑݓሻ௫൅ሺݒݓሻ௬൅ሺݓଶሻ௭ൌݑݓ௫൅ݒݓ௬൅ݓݓ௭ (3.17) 
 
which follows from equation (3.8) [18]. 
Top 
Bottom 
Left Right 
Y 
Z 
X 
Outward 
Inward 
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3.2.1Numerical solution approach 
Assume that we have the velocity field ݑ௡, ݒ௡ and ݓ௡ at the ௧݊௛ time step and equation 
(3.8) is satisfied. We are searching for the solution at the ሺݐ൅οݐሻ time step which we will be 
denoted as ݑ௡ାଵǡݒ௡ାଵ and ݓ௡ାଵ for velocity field and ݌௡ାଵ for pressure. 
Let ்ݑǡ்ݒ  and ்ݓ  be an intermediate velocity field, then the nonlinear terms would be 
resolved explicitly as [15] 
்ݑ െݑ௡
οݐ
ൌെሺሺݑ௡ሻଶሻ௫െሺݑ௡ݒ௡ሻ௬െሺݑ௡ݓ௡ሻ௭ (3.18) 
்ݒ െݒ௡
οݐ
ൌെሺݑ௡ݒ௡ሻ௫െሺሺݒ௡ሻଶሻ௬െሺݒ௡ݓ௡ሻ௭ (3.19) 
்ݓ െݓ௡
οݐ
ൌെሺݑ௡ݓ௡ሻ௫െሺݑ௡ݓ௡ሻ௬െሺሺݓ௡ሻଶሻ௭ (3.20) 
The viscosity terms can’t be treated explicitly so if ሺ்ݑ ǡ்்ݒ ǡ்்ݓ ሻ் another intermediate 
velocity field then 
 
்ݑ்െ்ݑ
οݐ
ൌ
ͳ
ܴ݁
൫்ݑ்௫௫൅்ݑ்௬௬൅்ݑ்௭௭൯ (3.21) 
்ݒ்െ்ݒ
οݐ
ൌ
ͳ
ܴ݁
൫்ݒ்௫௫൅்ݒ்௬௬൅்ݒ்௭௭൯ (3.22) 
்ݓ ்െ்ݓ
οݐ
ൌ
ͳ
ܴ݁
൫்ݓ ்௫௫൅்ݓ ்௬௬൅்ݓ ்௭௭൯ (3.23) 
 
The gradient of the pressure ݌௡ାଵ can be used to correct the intermediate velocity field 
 
ݑ௡ାଵെ்ݑ்
οݐ
ൌെሺ݌௡ାଵሻ௫ (3.24) 
ݒ௡ାଵെ்ݒ்
οݐ
ൌെሺ݌௡ାଵሻ௬ (3.25) 
ݓ௡ାଵെ்ݓ ்
οݐ
ൌെሺ݌௡ାଵሻ௭ (3.26) 
 
If we use the vector notation to write the correction equations for the pressure ݌௡ାଵ  
ͳ
οݐ
࢛௡ାଵെ
ͳ
οݐ
࢛௡ൌെ׏࢖௡ାଵ (3.27) 
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The divergence of equation (3.27) gives 
െο࢖௡ାଵൌെ
ͳ
οݐ
׏Ǥ࢛୬ (3.28) 
 
 
3.2.2 Computational grid 
If we have a cell with the rectangular sub domains ሾݔ௜ǡݔ௜ାଵሿൈሾݕ௝ǡݕ௝ାଵሿൈሾݖ௞ǡݖ௞ାଵሿ then 
the computational ͳ domain is a union of cells. More over the cell corner points at [18] 
ሺݔ௜ǡݕ௝ǡݖ௞ሻǡ൫ݔ௜ାଵǡݕ௝ǡݖ௞൯ǡ൫ݔ௜ାଵǡݕ௝ାଵǡݖ௞൯ǡ൫ݔ௜ǡݕ௝ାଵǡݖ௞൯ǡ൫ݔ௜ǡݕ௝ǡݖ௞ାଵ൯ǡ 
൫ݔ௜ାଵǡݕ௝ǡݖ௞ାଵ൯ǡሺݔ௜ାଵǡݕ௝ାଵǡݖ௞ାଵሻ and ሺݔ௜ǡݕ௝ାଵǡݖ௞ାଵሻ then the velocity components and 
pressure values are defined on the nodes 
 
variable Defined on Number of Interior points Boundary points +Interior points 
ݑ௜ǡ௝ǡ௞ ሺݔ௜ǡݕ௝ାଵଶ
ǡݖ
௞ାଵଶ
ሻ (x_grid-
1)(y_grid)(z_grid) 
(x_grid+1)(y_grid+2)(z_gri
d+2) 
ݒ௜ǡ௝ǡ௞ ሺݔ௜ାଵଶ
ǡݕ௝ǡݖ௞ାଵଶ
ሻ (x_grid)(y_grid-
1)(z_grid) 
(x_grid+2)(y_grid+1)(z_gri
d+2) 
ݓ௜ǡ௝ǡ௞ ሺݔ௜ାଵଶ
ǡݕ
௝ାଵଶ
ǡݖ௞ሻ (x_grid)(y_grid)(z_grid-
1) 
(x_grid+2)(y_grid+2)(z_gri
d+1) 
݌௜ǡ௝ǡ௞ ሺݔ௜ାଵଶ
ǡݕ
௝ାଵଶ
ǡݖ
௞ାଵଶ
ሻ (x_grid)(y_grid)(z_grid) (x_grid+2)(y_grid+2)(z_grid+2) 
  
The boundary points of ݑǡݒ and ݓ are used for the finite difference approximation. 
Figure 3.2 shows the velocity components and pressure values definition. 
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Figure 3.2: The velocity components and pressure values definition 
  
3.2.3 Approximating derivatives  
Hence we can approximate the first derivatives of ݑ with respect to ݔǡݕ and ݖ by 
 
ሺݑ௫ሻ௜ǡ௝ǡ௞ൌ
ݑ௜ାଵǡ௝ǡ௞െݑ௜ିଵǡ௝ǡ௞
οʹݔ
 (3.29) 
ሺݑ௬ሻ௜ǡ௝ǡ௞ൌ
ݑ௜ǡ௝ାଵǡ௞െݑ௜ǡ௝ିଵǡ௞
οʹݕ
 (3.30) 
ሺݑ௭ሻ௜ǡ௝ǡ௞ൌ
ݑ௜ǡ௝ǡ௞ାଵെݑ௜ǡ௝ǡ௞ି ଵ
οʹݖ
 (3.31) 
where 
οݔൌ
ܺ
ܰ
ǡοݕൌ
ܻ
ܯ
ǡοݖൌ
ܼ
ܭ
 
If we need the value of ݑ௫ in the middle between ݑ௜ାଵǡ௝ǡ௞ and ݑ௜ǡ௝ǡ௞ then we can 
approximate it by  
ሺݑ௫ሻ௜ାଵଶǡ௝ǡ௞
ൌ
ݑ௜ାଵǡ௝ǡ௞െݑ௜ǡ௝ǡ௞
οݔ
 (3.32) 
ሺݑ௬ሻ௜ǡ௝ାଵଶǡ௞
ൌ
ݑ௜ǡ௝ାଵǡ௞െݑ௜ǡ௝ǡ௞
οݕ
 (3.33) 
ሺݑ௭ሻ௜ǡ௝ǡ௞ାଵଶ
ൌ
ݑ௜ǡ௝ǡ௞ାଵെݑ௜ǡ௝ǡ௞
οݖ
 (3.34) 
 
Y 
u 
v 
w 
p 
X 
Z 
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  And the second derivatives (diffusive terms) can be approximated by finite differences as 
 
ሺݑ௫௫ሻ௜ǡ௝ǡ௞ൌ
ݑ௜ିଵǡ௝ǡ௞െ ʹݑ௜ǡ௝ǡ௞൅ݑ௜ାଵǡ௝ǡ௞
ሺοݔሻଶ
 (3.35) 
ሺݑ௬௬ሻ௜ǡ௝ǡ௞ൌ
ݑ௜ǡ௝ିଵǡ௞െ ʹݑ௜ǡ௝ǡ௞൅ݑ௜ǡ௝ାଵǡ௞
ሺοݕሻଶ
 (3.36) 
ሺݑ௭௭ሻ௜ǡ௝ǡ௞ൌ
ݑ௜ǡ௝ǡ௞ି ଵെ ʹݑ௜ǡ௝ǡ௞൅ݑ௜ǡ௝ǡ௞ାଵ
ሺοݔሻଶ
 (3.37) 
 
The same formula holds for the first and second derivatives of ݒ andݓ [18]. 
 
3.2.4 Nonlinear terms 
     Nonlinear terms are treated differently for flows that are not transporting too far in each time 
step and fast or large time steps. To solve the convective terms many discretizations schemes are 
available. One of them is the Donor-cell scheme which can be described in the following 
subsections [18]. 
 
3.2.4.1 Slow flow (second order convective terms) 
The nonlinear terms could be calculated at the same centered derivative if the flow is 
slow in each time step. 
Thus 
ሺݑଶሻ
௜ାଵଶǡ௝ǡ௞
ൌ൬
ݑ௜ǡ௝ǡ௞൅ݑ௜ାଵǡ௝ǡ௞
ʹ
൰
ଶ
 (3.38) 
ݑ
௜ǡ௝ାଵଶǡ௞
ൌ
ݑ௜ǡ௝ǡ௞൅ݑ௜ǡ௝ାଵǡ௞
ʹ
 (3.39) 
ݒ
௜ାଵଶǡ௝ǡ௞
ൌ
ݒ௜ǡ௝ǡ௞൅ݒ௜ାଵǡ௝ǡ௞
ʹ
 (3.40) 
ݑ
௜ǡ௝ǡ௞ାଵଶ
ൌ
ݑ௜ǡ௝ǡ௞൅ݑ௜ǡ௝ǡ௞ାଵ
ʹ
 (3.41) 
ݓ
௜ାଵଶǡ௝ǡ௞
ൌ
ݓ௜ǡ௝ǡ௞൅ݓ௜ାଵǡ௝ǡ௞
ʹ
 (3.42) 
 
So the second order convective terms can be written   
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ቈ
߲ݑଶ
߲ݔ
቉
௜ǡ௝ǡ௞
ൌ
൫ݑ௜ାଵǡ௝ǡ௞൅ݑ௜ǡ௝ǡ௞൯
ଶ
െሺݑ௜ǡ௝ǡ௞൅ݑ௜ିଵǡ௝ǡ௞ሻଶ
Ͷοݔ
 (3.43) 
൤
߲ݒݑ
߲ݕ
൨
௜ǡ௝ǡ௞
ൌ
ݒ
௜ାଵଶǡ௝ǡ௞
ݑ
௜ǡ௝ାଵଶǡ௞
െݒ
௜ାଵଶǡ௝ିଵǡ௞
ݑ
௜ǡ௝ିଵଶǡ௞
οݕ
 (3.44) 
൤
߲ݓݑ
߲ݖ
൨
௜ǡ௝ǡ௞
ൌ
ݓ
௜ାଵଶǡ௝ǡ௞
ݑ
௜ǡ௝ǡ௞ାଵଶ
െݓ
௜ାଵଶǡ௝ǡ௞ି ଵ
ݑ
௜ǡ௝ǡ௞ି ଵଶ
οݖ
 (3.45) 
The same formula can be written for the components ݒ and ݓ. 
 
3.2.4.2 Fast flow (first order upwind) 
If the flow is fast or the time step is large we need the upwind approach. To translate to 
the upwind approach we define a blending parameter ׎אሾͲǡͳሿ by 
߲ݑଶ
߲ݔ
ൌ׎ሺ݂ ݅ݎݏݐ݋݀ݎ ݁ݎሻ൅ሺͳെ׎ሻሺ݁ݏ ݋ܿ݊ ݀݋݀ݎ ݁ݎሻ (3.46) 
Note that for ׎ൌͲresults in central difference discrization and for ׎ൌͳ we have a pure 
upwind. 
      Thus if we create a new value between two points by averaging and use an over bar with 
superscript R to indicate a right averaged value , and the over bar with superscript L to indicate a 
left averaged value, the averaged quantities can be defined as [18] 
 
ഥܷோൌݑ
௜ାଵଶǡ௝ǡ௞
ൌ
ݑ௜ǡ௝ǡ௞൅ݑ௜ାଵǡ௝ǡ௞
ʹ
ǡܷഥ௅ൌݑ
௜ି ଵଶǡǡ௝ǡ௞
ൌ
ݑ௜ǡ௝ǡ௞൅ݑ௜ିଵǡ௝ǡ௞
ʹ
 (3.47) 
തܸோൌݒ
௜ାଵଶǡ௝ǡ௞
ൌ
ݒ௜ǡ௝ǡ௞൅ݒ௜ାଵǡ௝ǡ௞
ʹ
ǡܸത௅ൌݒ
௜ିଵଶǡ௝ǡ௞
ൌ
ݒ௜ǡ௝ǡ௞൅ݒ௜ିଵǡ௝ǡ௞
ʹ
 (3.48) 
ഥܹோൌݓ
௜ାଵଶǡ௝ǡ௞
ൌ
ݓ௜ǡ௝ǡ௞൅ݓ௜ାଵǡ௝ǡ௞
ʹ
ǡܹഥ௅ൌݓ
௜ିଵଶǡ௝ǡ௞
ൌ
ݓ௜ǡ௝ǡ௞൅ݓ௜ିଵǡ௝ǡ௞
ʹ
 (3.49) 
 
And if we define ிܷ to indicate the current value or the forward value of u and ஻ܷ to indicate the 
current value or the backward value of u the first order upwind can be defined as 
ቈ
߲ݑଶ
߲ݔ
቉
௜ǡ௝ǡ௞
ൌ
ഥܷோܷ ிെഥܷ௅ܷ ஻
οݔ
 (3.50) 
Where 
ிܷൌቊ
ݑ௜ǡ௝ǡ௞݂݅ ܷഥோ൐Ͳ
ݑ௜ାଵǡ௝ǡ௞݅ܷഥோ൑Ͳ
Ǣܷ஻ൌቊ
ݑ௜ିଵǡ௝ǡ௞݂݅ ഥܷ௅൐Ͳ
ݑ௜ǡ௝ǡ௞݂݅ܷഥ௅൑Ͳ
 (3.51) 
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And if we define ்ܷ  to indicate the current value or the upper value of u and ஽ܷ to indicate the 
current value or the down value of u then 
൤
߲ݒݑ
߲ݕ
൨
௜ǡ௝ǡ௞
ൌ
തܸோܷ ்െതܸ௅ܷ ஽
οݕ
 (3.52) 
Where 
்ܷ ൌቊ
ݑ௜ǡ௝ǡ௞݂݅ ܸതோ൐Ͳ
ݑ௜ǡ௝ାଵǡ௞݅ܸതோ൑Ͳ
Ǣܷ஽ൌቊ
ݑ௜ǡ௝ିଵǡ௞݂݅ തܸ௅൐Ͳ
ݑ௜ǡ௝ǡ௞݂݅ܸത௅൑Ͳ
 (3.53) 
And if we define ைܷ to indicate the current value or the outer value of u and ூܷ to indicate the 
current value or the inner value of u then 
൤
߲ݓݑ
߲ݖ
൨
௜ǡ௝ǡ௞
ൌ
ഥܹோܷ ைെഥܹ௅ܷ ூ
οݖ
 (3.54) 
Where 
଴ܷൌቊ
ݑ௜ǡ௝ǡ௞݂݅ ܹഥோ൐Ͳ
ݑ௜ǡ௃ǡ௞ାଵ݅ܹഥோ൑Ͳ
Ǣܷ஽ൌቊ
ݑ௜ǡ௝ǡ௞ି ଵ݂݅ ഥܹ௅൐Ͳ
ݑ௜ǡ௝ǡ௞݂݅ܹഥ௅൑Ͳ
 (3.55) 
 
 
3.2.5 Boundary conditions 
Consider the Dirichlet boundary conditions for ݑǡݒ and ݓ and Neumann boundary 
conditions for ݌. For point laying in the boundary the value is already prescribed such as ݑ in the 
left and right boundary, ݒ at top and bottom boundary, and ݓ at in and out word boundary. For ݑ 
at top, down, inward, and outward and ݒ at left, right, inward and out ward and ݓ at left, right, 
top and bottom we will define the value as average between two data points. 
   
ݑ௜ǡ௝ǡ௞൅ݑ௜ǡ௝ାଵǡ௞
ʹ
ൌ்ݑ՜ݑ௜ǡ௝ାଵǡ௞ൌ ʹ்ݑ െݑ௜ǡ௝ǡ௞ (3.56) 
 
The same formula could be written for ݒ and ݓ. The Neumann boundary condition in the top 
gives 
 
݌௜ǡ௝ାଵǡ௞െ݌௜ǡ௝ǡ௞
οݕ
ൌͲǡ݌௜ǡ௝ାଵǡ௞ൌ݌௜ǡ௝ǡ௞ (3.57) 
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3.2.6 Algorithm 
The pressure correction algorithm could be defined as:  
Input :Reynolds, X, Y, Z, x_grid, y_grid, z_grid, οݐ, total time. 
Compute : οݔǡοݕǡοݖǤ 
Read the initial conditions 
Calculate the nonlinear terms 
Implicit viscosity 
Pressure correction 
 ܨ௡ൌοȉݑ௡ 
െο݌௡ାଵൌെ
ͳ
οݐ
ܨ௡ 
 
ܩ௡ାଵൌ׏݌௡ାଵ 
 
ݑ௡ାଵൌݑ௡െοݐܩ௡ାଵ 
The algorithm to solve the Navier-Stokes equations  
1. Set the boundary conditions. 
2. Solve the discretized momentum equation to compute the intermediate velocity field. 
3. Solve the pressure equation. 
4. Correct the velocities on the basis of the new pressure field. 
5. Update the boundary conditions. 
6. Repeat till convergence [19]. 
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 4 The flow near a rotating disc in flow at rest 
 
4.1 Introduction 
The flow around a flat axi-symmetric rotating disc was first investigated analytically with 
an approximate method by Von Karman [4]. He solved the Navier-Stokes equations and found 
the velocity components functions and the pressure function. Cochran [5] re-solved the equations 
and corrected Von Karman’s moment function.   
  
4.2 Dynamics of the disc 
The flying disc is defined by a wing plus spin. Spin provides gyroscope stability and its 
shape provides the aerodynamic lift. Gravitational and aerodynamic forces act on the disc and 
change its flight. Figure 4.1 shows the aerodynamic forces on a disc.  
 
Figure 4.1: Aerodynamic forces on a disc. 
Where D is the drag it acts opposite and parallel to the velocity v and L is the lift it acts 
perpendicular to it. They are functions of velocity and angle of attack a , the angle between v and 
the plane of the disc.  
The centre of the lift must coincide with the centre of gravity to avoid steering right or 
left. Moreover spinning causes side force (Magnus force) which was discovered by a German 
physicist, Heinrich Gustav Magnus in 1852. 
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     He mentioned that the difference of pressure between top and bottom surfaces of 
rotating cylinder in air which is caused by difference flow speed over such surface creates lift 
[1]. Figure 4.2 shows Magnus force on a rotating disc flying in air. 
 In a simplest form a spinning flying disc can be described as a cylinder of approximately 
zero height.    
 
 
 
 
 
 
 
 
 
 
Figure 4.2 Magnus force on a rotating disc flying in air. 
 
4.3Von Karman’s solution 
 Consider a steady motion of an incompressible viscous fluid near an infinite rotating disc 
which rotates with a uniform angular velocity ? , about ݎൌͲ (where ݎǡ׎ǡݖ are the radial, 
circumferential, and axial directions respectively.) in a fluid otherwise at rest. See fig 4.3. 
Drag 
Magnus 
Air 
?  
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Figure 4.3: Flow in the neighborhood of a disc rotating in a fluid at rest. 
’Schilishting’[6]. 
 
The layer near the disc is carried by it through friction and is thrown outwards owing to 
the action of centrifugal forces. If ݑǡݒǡݓ denote the velocity components in the respective 
directions and p is the pressure, and taking into account rotational symmetry we can write the 
Navier-Stokes equations (for more details about this topic see appendix d) in the cylindrical 
coordinates as: 
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The no-slip condition at the disc gives the boundary conditions 
 
ݑൌͲǡݒൌ ߱ݎǡݓൌͲܽݐݖൌͲ
ݑൌͲǡݒൌͲǡݓ՜െܿ݄ݓ ݁ݎܿ൐Ͳܽݐݖൌቅ (4.2) 
 
 ܷis the circumferential velocity and ܴ݁  is the Reynolds number they denoted by 
ܷൌ ௗܴ߱ ǡܴ ൌ݁
ܷܴ ௗ
ߥ
 
 
So if we want the resistance coefficient of the disc exposed to flow from both sides Von Karman 
[4] 
௙ܿൌ
Ǥ͵͸ͺ
ξܴ ݁
 (4.3) 
 
4.4 Cochran’s solution 
Cochran made the same assumption for the Navier-Stokes equation to solve equation 
(4.1) using the same boundary conditions (4.2). He resolved these equations and found:  
ܩƍሺͲሻൌെͲǤ͸ͳ which was െͲǤͷͶ inVon Karman’s method.  
And hence the moment for a disc wetted on one side is 
ܯൌെ
ͳ
ʹ
ߨߩሺܴ ሻ݁ସሺ߱ߥ ଷሻଵଶΤܩƍሺͲሻൌ
ͳ
ʹ
כͳǤͻ͵Ͷכߩכሺܴ ሻ݁ସכሺ߱ߥ ଷሻଵଶΤ  (4.3) 
And the non-dimensional moment coefficient for a disc wetted on both sides is Cochran 
[5] 
ܥ௠ൌ
ʹܯ
ͳʹߩሺܴ ሻ݁ହ߱ ଶ
ൌ Ǥ͵ͺ͹Ȁξܴ  ݁ (4.4) 
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5 Modeling of flow around rotating coin-shaped disc in 
flow at rest using ANSYS CFX 12.1 
Flow around flat discs (coin-shaped) which rotate about the axis with a uniform angular 
velocity, ?  in a fluid otherwise at rest is investigated. The analysis is performed for TOD= 0.1. 
The TOD, is defined here as the ratio of the disc thickness to the disc diameter. 
The flow around a coin-shaped disc with TOD=0.1 is simulated. Moment coefficients are 
calculated for both laminar and turbulent flows. The results are validated by comparing it to 
previously reported experimental data [6] and [7] for moment coefficients. See appendix B.   
 
5.1 Modeling of flow around a coin-shaped rotating disc  
The disc is taken to have diameter 0.61m and thickness 0.061m so the TOD ratio is 0.1. It 
rotates about the z-axis. 
 The fluid domain is a cylinder of diameter 12.2m and height 1.22m. See figure 5.1.  
 
Figure 5.1: Coin-shaped disc 
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5.1.1 Laminar flow 
Figure 5.2 shows moment coefficient versus Reynolds number for a coin-shaped disc 
rotating in a laminar flow.  
 
 
Figure 5.2: Moment coefficient for a rotating disc in laminar flow as function of Reynolds 
number  
 
Although Schilchting did not take Kempf’s results in account it seems to be the nearest 
values to ANSYS CFX 12.1 results for laminar flow. See fig 5.2.   
From table 5.1 it has been noticed that in the range of Reynolds number from1.5e4 to 
4e4, with ten points of experiment, only three points have an error  greater than 15% when 
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compared with the experimental results of Kempf [6]. The remaining points have very good 
agreement with experimental results. 
For Reynolds numbers from 4.4e4 to 7.5e4 and among the ten points taken, there is only 
one point having error greater than 15%. 
The last group of points contains eleven points. The Reynolds number range is from 8e4 
to 1.7e5.  The error for all of them is less than 10%. More over two of them have error 0.5%.  
 Considering the Reynolds number ranges taken above, the results obtained give rise to 
following outcome: For laminar flow when Reynolds number increases ANSYS CFX 12.1 
results converge to experimental results.   
 
Table 5.1: Percentage error for the experimental data from [6] and laminar data from 
ANSYS CFX 12.1 for TOD =0.1 
Re Log Re Error % 
1.50E+04 4.18 16.2455 
1.70E+04 4.23 18.9830 
1.80E+04 4.26 10.3850 
2.50E+04 4.40 7.0080 
2.70E+04 4.43 14.5755 
2.99E+04 4.48 9.3821 
3.90E+04 4.59 15.8749 
4.00E+04 4.60 8.5189 
4.00E+04 4.60 10.4822 
4.00E+04 4.60 14.6542 
4.40E+04 4.64 5.1222 
4.60E+04 4.66 10.5300 
4.90E+04 4.69 6.0074 
5.00E+04 4.70 3.6911 
5.40E+04 4.73 15.7400 
5.80E+04 4.76 8.2951 
6.20E+04 4.79 7.8666 
6.50E+04 4.81 7.6211 
6.80E+04 4.83 4.2455 
7.50E+04 4.88 4.7821 
8.00E+04 4.90 2.3852 
8.60E+04 4.93 1.5557 
9.20E+04 4.96 0.5343 
1.00E+05 5.00 1.5419 
1.10E+05 5.04 0.5608 
1.20E+05 5.08 1.4094 
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1.30E+05 5.11 5.6484 
1.40E+05 5.15 4.6458 
1.50E+05 5.18 8.7587 
1.60E+05 5.20 7.8823 
1.70E+05 5.23 8.5755 
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5.1.2 Turbulent flow 
Figure 5.3 shows moment coefficient versus Reynolds number for a coin-shaped disc rotating in 
turbulent flow.  
 
 
 
Figure 5.3: Moment coefficient for rotating discs in turbulent flow as function of Reynolds 
number 
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For turbulent flow ANSYS CFX 12.1 results have been compared to two experiments 
data. The first one was W.Schmidt it covered the Reynolds number range 9.5e4 to 7e5. See table 
5.2 for percentage errors. The second experiment covered the Reynolds range 1.7e6 to7.5e6. It 
was reported in Schlichting [6]. See table 5.3. 
 
Table5.2: Percentage error from experimental data by W. Schmidt to ANSYS CFX 12.1 
turbulent flow data. 
Re Log Re Error % 
9.50E+04 4.977724 5.623195 
1.70E+05 5.230449 1.827093 
2.40E+05 5.380211 4.780188 
2.60E+05 5.414973 4.128604 
2.55E+05 5.40654 3.157496 
2.45E+05 5.389166 1.693684 
2.90E+05 5.462398 0.376158 
3.50E+05 5.544068 1.918532 
3.80E+05 5.579784 1.47602 
4.00E+05 5.60206 1.131782 
4.40E+05 5.643453 1.419488 
4.50E+05 5.653213 0.162367 
6.00E+05 5.778151 0.995315 
7.00E+05 5.845098 0.706485 
 
It has been noticed from table 5.2 that for fourteen points taken as experimental points, 
all the points have errors less than 6%. Four of them have errors less than 1%.  
 
Table 5.3: Percentage error from experimental data reported in [6] to ANSYS CFX 12.1 
turbulent flow data. 
Re Log Re Error % 
1.70E+06 6.230449 0.291951 
2.00E+06 6.30103 0.183672 
2.40E+06 6.380211 0.008745 
2.60E+06 6.414973 0.005858 
3.00E+06 6.477121 0.02319 
3.50E+06 6.544068 0.14736 
4.00E+06 6.60206 1.78974 
4.50E+06 6.653213 2.47139 
4.90E+06 6.690196 1.45473 
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6.80E+06 6.832509 3.64848 
7.50E+06 6.875061 4.26802 
 
Another eleven experiment points reported in Schlichting [6] were compared to ANSYS 
CFX 12.1 data. All the points have error less than 5%. Six of them were very close to the 
experiment points and have error less than 1%. For more details see table 5.3.  
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6 Modeling of flow around a travelling spinning oblate 
spheroid disc in turbulent flow 
In this chapter simulations are made to model the flow around a travelling spinning oblate 
spheroid disc. ANSYS CFX 12.1software was used in the simulations. 
The chapter consists of four main sections. In section 6.1the model is defined to be a 
domain with a disc inside. The triangular mesh is concentrated on and around the surface of the 
disc. Beside, a line space mesh is added to the downstream flow. Section 6.2 studies the effect of 
increasing the disc rotation on the downstream flow characteristics. Mathematical formulas of 
aerodynamic loads and moment coefficients are included in section 6.3. In section 6.4 the effect 
of Reynolds number and advance ratio on the aerodynamic loads and moments are studied and 
the effect of the pressure force on the disc surface will also be shown.         
 
6.1 The model   
The model is consisted of a disc inside a domain. The geometry, the mesh and the setup 
are considered in this section. 
 
6.1.1 The geometry  
The inlet boundary is a curved boundary. The remaining boundaries are rectangular faces. 
The inlet boundary and the outlet boundary are, respectively, about 10c and 15c from the center 
of the disc, where c is the disc chord. The four far-fields boundaries are located about 10c up, 
down, inward and outward from the centre of the disc. See fig 6.1. 
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Figure 6.1: Dimensions of the domain. 
 
The domain dimensions were 75 m, 60 m and 60 m in the x-, y- and z-directions 
respectively. 
The shape of the disc is an oblate spheroid of radius ratio 3:1 and is generated by 
revolving a half of an ellipse around its minor axis to cut the disc from the whole domain. See fig 
6.2. 
ϭϬĐ ϭϱĐ 
ϭϬĐ 
ϭϬĐ 
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The disc geometry was added to (not cut from) the domain in this case the weight was not 
neglected and the disc material is Aluminum. 
 
6.1.2 The mesh 
Mesh is concentrated on and around the disc by using face spacing, line spacing and 5 
inflated boundaries are added to concentrate the mesh around the disc. See tables 6.1, 6.2, 6.3 
and 6.4 and figs 6.3 to 6.5 for the concentrated mesh. 
 
Table 6.1: Face spacing 
Minimum edge length[m] 0.01 
Maximum edge length[m] 0.1 
Figure 6.2: 3-D view of the disc 
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Radius of influence[m] 0.2 
Expansion factor 1.2 
 
Table 6.2: Line spacing for the line from (1.5, 0, and 0) to (9.5, 0, and 0) 
Length scale [m] 0.05 
Radius of influence [m] 0.2 
Expansion factor 1.2 
 
Table 6.3: Inflation 
Number of inflated layers 5 
Expansion factor 1.2 
 
 
Figure 6.3: Side view of the mesh 
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Figure 6.4: Side view of the mesh using face spacing, line spacing and 5 inflated boundaries 
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Figure 6.5: Upper view of the mesh 
 
 
Table 6.4 contains the mesh data. 
 
Table 6.4 Mesh Information for CFX 
Domain Nodes Elements 
Domain 1 180631 982712 
Domain 2 (the disc) 18076 96121 
All Domains 198707 1078833 
 
The mesh nodes and elements on the upper and lower surfaces of the disc are not 
symmetric. This will cause small errors in loads and moments calculations. 
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6.1.3 The setup  
ANSYS CFX 12.1 is used in the setup.  The accuracy of this software was the main 
reason for its selection.  
   
6.1.3.1 The domain  
The fluid domain material was air at 25° C it is not buoyant, the reference pressure is 
1atm, the turbulence model is k_ e . The convergence residual type was RMS and the residual 
target was 1E-4. 
 
6.1.3.2 Boundary conditions  
The boundary conditions are two kinds outer boundary conditions which are the domain 
boundary conditions and surface boundary conditions on the disc surface.  
 
6.1.3.2.1 Outer boundary conditions  
The outer boundary is composed of inlet, outlet and far-field. The inlet boundary is a curved 
face parallel to the y-z plane as seen in fig 6.6. The inlet velocity is parallel to x-axis and is held 
on 40 m/s. The outlet is parallel to the inlet and its relative pressure is held at 0 Pa. The far-fields 
are the remaining faces of the box. They are free-slip walls, where the shear stress is zero, and 
the velocity of the fluid near the wall is not retarded by wall friction effects.  
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Figure 6.6: The outer boundary conditions 
 
 
 
6.1.3.2.2 Surface boundary conditions  
The disc has no-slip wall.  Rotating velocities are added to the disc directly with angular 
velocity range from N=0 rpm to 44o rpm. The axis of rotation is the y-axis. 
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6.2 The effect of rotation 
In this section we consider the effect of rotation on the downstream flow characteristics 
for both no spin and spin cases. The wind speed is held on 40 m/s. The angular velocity is varied 
in the range from 0 to 440 rpm. 
Aircraft spends most flying time with 2°  angle of attack. In this section the angle of attach 
is held on 2° . 
The flow field is plotted in term of velocity for the three perpendicular coordinate planes 
i.e. side view (x-y plane), upper view (x-z plane) and front view (y-z plane). 
 
6.2.1 No Spin Case 
 Figures 6.7 and 6.8 show the downstream flow characteristics when the disc is not 
rotating. 
 
Figure 6.7: Side view of the velocity contour v8 =40m/s, N  rpm 
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Figure 6.8: Upper view for velocity on plane Y0, v=40 m/s and N=0 rpm 
  
6.2.2 The Effect of Spinning 
 In the spin case there is a remarkable effect on the downstream flow characteristics.  
Figures from 6.9 to 6.17 show this effect. A very clear division in downstream flow can 
be noticed in the upper views. This division gets clearer with the increase of spinning. See figure 
6.9 and 6.10. This remark is been experimentally noticed by Nakamura and Fukamachi [10]. See 
fig 6.18 and 6.19. 
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Figure 6.9: Upper view of the velocity contour v8 =40 m/s N  rpm  
 
 
Figure 6.10: Upper view of the velocity contour v8 =40 m/s N  Upm 
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More photos are taken for the disc with angular velocity 200 rpm to see the develop of 
the division in the downstream velocity. Figures from 6.11 to 6.15 show the upper view for the 
velocity contours at different planes. 
 
Figure 6.11: Upper view of the velocity contour v8 =40 m/s N  Upm at plane y=0.1m. 
 
 
Figure 6.12: Upper view of the velocity contour v8 =40 m/s N  Upm at plane y=0.2m. 
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Figure 6.13: Upper view of the velocity contour v8 =40 m/s N  Upm at plane y=0.3m. 
 
 
Figure 6.14: Upper view of the velocity contour v8 =40 m/s N  Upm at plane y=0.4m. 
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Figure 6.15: Upper view of the velocity contour v8 =40 m/s N  Upm at plane y=0.5m 
 
 
 
 
Figure 6.16: Side view of the velocity contour v8 =40 m/sN  Upm 
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Figure 6.17: Side view of the velocity contour v8 =40 m/sN  rpm 
 
 
Figure 6.18: Top view of the flow past a Frisbee flow speed, 1 m/s model at rest. Nakamura 
and Fukamachi [10]. 
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Figure 6.19:Top view of the flow past a Frisbee flow speed, 1 m/s model at constant rotation 
of 3rps. Nakamura and Fukamachi [10]. 
 
Increasing the rotation to 440 rpm makes a noticed difference on the velocity contours 
see fig 6.20. The rearward stagnation points travel to up right quarter and there is no zero 
velocity points appearing in the downright quarter. This agrees with the results pointed out by 
Rodhe [1], as seen in figure 6.21. 
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Figure 6.20: Upper view for velocity n=440 rpm v=-40m/s 
 
Figure 6.21: Top view of Mach number with SR=1. Rhode [1]. 
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6.3 Aerodynamic loads and moment coefficients formula 
The lift and drag coefficients are the dimensionless coefficients of the lift and drag forces 
and could be defined as 
ܥ௅ൌ
ܮ
ͲǤͷܣߩݒଶ
 (6.1) 
ܥ஽ൌ
ܦ
ͲǤͷܣߩݒଶ
 (6.2) 
 
The yawing-, rolling- and pitching moment coefficients are respectively 
  
ܥܯ௑ൌ
ܯ௑
ͲǤͷߩݎଷݒଶ
 (6.3) 
ܥܯ௒ൌ
ܯ௒
ͲǤͷߩݎଷݒଶ
 (6.4) 
ܥܯ௓ൌ
ܯ௓
ͲǤͷߩݎଷݒଶ
 (6.5) 
 
 
6.4 Effect of Reynolds number and spin ratio on the 
aerodynamic loads and moments 
 
Six turbulent flows over the rotating disc mentioned above are simulated to study the 
Reynolds number effect on the aerodynamic loads and moment coefficients. More four 
simulations are made to study the rotation effect on the same loads and moments. The effect of 
increasing angle of attack on the surface pressure of the disc is shown.  
 
6.4.1 The effect of Reynolds number on the aerodynamic loads and 
moment coefficients 
Figures from 6.22 to 6.27 show the non rotating data for various Reynolds numbers. The 
inflow speed was varied in the range from 25 to 50 m/s.  The lift curves are linear, the drag 
curves and the pitching moment curves are nonlinear. 
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Figure 6.22: Effect of Reynolds number on lift coefficients. 
 
 
Figure 6.23: Effect of Reynolds number on drag coefficients. 
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Figure 6.24: Effect of Reynolds number on lift to drag ratios. 
 
Figure 6.25: Effect of Reynolds number on yawing moment coefficient. 
Ϭ
Ϭ.Ϯ
Ϭ.ϰ
Ϭ.ϲ
Ϭ.ϴ
ϭ
ϭ.Ϯ
ϭ.ϰ
Ϭ ϱ ϭϬ ϭϱ ϮϬ Ϯϱ ϯϬL/D Angle  of attack (degree) Re=ϱ.ϭϯeϲRe=ϲ.ϭϲeϲRe=ϳ.ϭϵeϲRe=ϴ.ϮϮeϲRe=ϵ.ϮϰeϲRe=ϭ.Ϭϯeϳ-Ϭ.Ϭϰ-Ϭ.ϬϯϮ-Ϭ.ϬϮϰ-Ϭ.Ϭϭϲ-Ϭ.ϬϬϴϵE-ϭϳϬ.ϬϬϴϬ.ϬϭϲϬ.ϬϮϰϬ.ϬϯϮϬ.ϬϰϬ ϱ ϭϬ ϭϱ ϮϬ Ϯϱ ϯϬcm_x Angle  of Attack (degree) Re=ϱ.ϭϯeϲRe=ϲ.ϭϲeϲRe=ϳ.ϭϵeϲRe=ϴ.ϮϮeϲRe=ϵ.ϮϰeϲRe=ϭ.ϬϯeϳPlease purchase PDFcamp Printer on http://www.verypdf.com/ to remove this watermark.
 
 
Figure 6.26: Effect of Reynolds number on rolling moment coefficient.  
 
Figure 6.27: Effect of Reynolds number on pitching moment coefficient.  
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Figure 6.22 shows that the lift coefficient for all Reynolds number are the same except 
for Reynolds number 9.24e6. It has a small value of them but the difference is very slight. Figure 
6.23 shows that the Reynolds number 9.24e6 has the smallest drag coefficient values for all 
angle of attack in the range mentioned. This makes this Reynolds number very important to 
study. 
The aerodynamic loads and moment coefficients are identical for all Reynolds numbers 
mentioned except for Reynolds number 9.24e6. This Reynolds number have the highest lift to 
drag ratio which have a maximum value about 1.3 at 18°  angle of attack (which is 1.4 at 17°  
angle of attack in Migita [3]). See fig 6.24.  
Pitching moment curves for this Reynolds number is the highest one for angle of attack 
range 3°  to 30° . See fig 6.27.For lower angles of attack the pitching moment coefficients are 
independent of Reynolds number.  Zero pitching moments occurs at about 1.5°  angle of attack. 
See fig 6.27. 
The rolling moments are nearly zero, which is expected for symmetric bodies. Rolling 
moment curves overlay one another and therefore is independent of Reynolds number up to 
20° angle of attack for the range of forward speeds mentioned. See fig 6.25. 
More simulations are made for the Reynolds number range from 8.22e6 to 1.03e7. 
Maximum values of lift to drag ratios are plotted in figure 6.28for laminar and turbulent flows. 
 
Figure 6.28: Maximum values of lift to drag ratios 
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There was smooth variation of Reynolds numbers on L/D maximum the Reynolds 
number range 5.13e6 to 8.63e6. There was a surge between Reynolds number 8.83e6 and 9.65e6 
its maximum at Reynolds number 9.24e6. There was a low drag at this Reynolds number. 
This maximum  lift to drag ratio not because there was a high lift here but because there 
was a low drag at this Reynolds number. 
As it was mentioned in section 6.1.2 the mesh on the upper and lower surfaces are not the 
same. This causes values of lift to be differing from zero at zero angle of attack which is not 
expected for symmetric airfoils. The error appeared assumed to be 0.7%. Figure 6.29 shows the 
effect of Reynolds number on lift to drag ratio for both laminar and turbulent flows after the lift 
was modified.  

Figure 6.29: Effect of Reynolds number on lift to drag ratios for laminar and turbulent 
flows after modifying. 
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6.4.1.1 Aerodynamic loads and moment coefficients for a laminar flow Re= 
1.6e4 
In this subsection laminar flow around non spinning disc is simulated. Figures from 6.30 
to 6.33 show the aerodynamic loads and moment coefficients.   
 
 
Figure 6.30: Lift coefficient for laminar flow Re=1.6e4 
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Figure 6.31: Drag coefficient for laminar flow Re=1.6e4. 
 
Figure 
6.32: Lift to drag ratio for laminar flow Re=1.6e4. 
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Figure 6.33: Yawing-, rolling- and pitching moment coefficients for laminar flow Re=1.6e4. 
 
 
Figure 6.32 shows that for laminar flow the maximum lift to drag ratio was about 1.15 at 
18°  angle of attack. This is smaller than all maximum lift to drag ratios for turbulent flows 
mentioned above in section 6.4.1. See fig 6.29. 
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6.4.2 The effect of the spin ratios on the aerodynamic loads and 
moment coefficients 
In this section the effect of the spin ratio, which is defined as the ratio of the spin speed to the 
wind speed is studied. The wind speed is held at 45 m/s and the spin ratio is varied in the range 
from 0 to 1. 
Figures from 6.34 to 6.39 show the dependence of lift, drag, lift to drag ratio, yawing-, 
rolling- and pitching moments on the spin ratio. The Reynolds number is held at 9.24e6. 
 
  
F 
Figure 6.34: Lift coefficient for various spin ratios, Re=9.24e6. 
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   F 
Figure 6.35: Drag coefficient for various spin ratios, Re=9.24e6. 
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Figure 6.36: Lift to drag ratio for various spin ratios, Re=9.24e6. 
                       
Figure 6.37: Yawing moment coefficients for various spin ratios, Re=9.24e6. 
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Figure 6.38: Rolling moment coefficients for various spin ratios, Re=9.24e6.  
 
Figure 6.39: Pitching moment coefficients for various spin ratios, Re=9.24e6. 
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The curves of lift, drag, yawing- and pitching moment overlay one another and are therefore 
independent of spin ratios up to 1. See fig 6.34, 6.35 and 6.39. The rolling moment curves are 
approximately zero for all angles of attack. See fig 6.38. For spin ratios 0.33 and 0.67 negative 
rolling coefficient appears up to 21°  angle of attack. In magnitude the rolling moment increases 
with increasing spin ratios. This is due to the Magnus effect and is expected for spinning bodies.  
 
 
 
 
 
 
 
 
6.5 The effect of increasing the angle of attack on the surface 
pressure 
The plots of the surface pressure are shown in figures 6.40 and 6.41. The plots are 
symmetric for the zero angle of attack simulations and asymmetric for the non-zero angle of 
attack see fig 6.40 and 6.41.The highest pressure area has an arc shape in the forward rim.  
As the angle of attack increase the lower area of pressure which appear as a dark blue 
area adheres to the rear of the disc in the upper surface plot of pressure. See fig 6.40. The 
pressure increase as increasing the angle of attack this fact clearly shown in the lower surface 
of the disc see fig 6.41. The red area which denote the highest pressure region was very clear 
in the lower surface pressure plots. 
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Figure 6.40:Upper view plots for disc 
pressure for angles of attack a =0,5,…,30°  
 
Figure 6.41:Lower view plots for disc 
pressure for angles of attack a =0,5,…,30°  
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7 Conclusions and recommendations 
1-Flow around a flat coin-shaped disc rotating about the axis with a uniform angular velocity in a 
fluid otherwise at rest was investigated. The analysis was performed for TOD= 0.1. The TOD, is 
defined here as the ratio of the disc thickness to the disc diameter. Moment coefficients were 
calculated for both laminar and turbulent flows. The results were validated by comparing it to 
previously reported experimental data.   
For laminar flow it was noticed that in the range of Reynolds number from1.5E4 to 7.5E4 
when ANSYS CFX 12.1 data was compared with the experimental results of Kempf [6]. The 
points have very good agreement with experimental results. For the Reynolds number range 8E4 
to 1.7E5 the error was less than 10%. More over two of the points have error 0.5%.  
  The results obtained give rise to following outcome: For laminar flow when Reynolds 
number increases ANSYS CFX 12.1 results converge to experimental results.   
For turbulent flow ANSYS CFX 12.1 results were compared to two groups of 
experimental data as reported by H. Schlichting [6]. The first one was that of W.Schmidt [6]. It 
covered the Reynolds number range 9.5E4 to 7E5. The second experiment covered the Reynolds 
range 1.7E6 to7.5E6. For the first comparison all the points have differences less than 6%. For 
the second one the points have a difference of less than 5%.  
2- The effect of Reynolds number on the aerodynamic loads and moments was studied for non 
spinning oblate spheroid disc. The Reynolds number was varied in the range5.16E6 to 1.03E7. 
The results show that the lift coefficients for all Reynolds numbers are the same except for 
Reynolds number 9.24E6. With this Reynolds number the lift coefficient differs slightly from 
those of the other Reynolds numbers. The drag coefficient for this Reynolds number is 
significantly smaller than those of the other Reynolds numbers. Accordingly, the lift over drag 
ratio for this Reynolds number is greater than for the others. It has the value of 1.3 at 18°  angle of 
attack, which is closely comparable to the result of Migita [3] (1.4 at 17°  angle of attack).   
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Pitching moment curve for this Reynolds number is the highest one within the angle of 
attack range 3°  to 30. For lower angles of attack the pitching moment coefficients are 
independent of Reynolds number.  Zero pitching moments occur at about 1.5°  angle of attack. 
Rolling moments are nearly zero, which is expected for symmetric bodies. Rolling 
moment curves overlay one another and therefore are independent of Reynolds number up to 
20° angle of attack for the range of forward speeds studied. 
There was smooth variation of Reynolds number with L/D maxima within the Reynolds 
number range 5.13E6 to 8.63E6. There was a surge between Reynolds number 8.83E6 and 
9.65E6 with a maximum at Reynolds number 9.24e6.  
This maximum lift to drag ratio is not attributable to a high lift here but because there 
was a low drag at this Reynolds number. 
For laminar flow the maximum lift to drag ratio was about 1.15 at 18°  angle of attack. 
This is smaller than all maximum lift to drag ratios for turbulent flows studied. 
3-The curves of lift, drag, yawing and pitching moment overlay one another and are therefore 
independent of spin ratios up to 1. The rolling moment levels are approximately zero for all 
angles of attack. For spin ratios 0.33 and 0.67 negative rolling coefficient appears up to 21°  angle 
of attack. In magnitude the rolling moment increases with increasing spin ratios. This is due to 
the Magnus effect and is expected for spinning bodies.  
4-This work could be the first step towards the general understanding of spinning discs 
aerodynamics. Further researches on this line should include smaller TODs for coin-shaped discs 
and different Reynolds number range for the oblate spheroid discs.   
5- Experimental studies, especially, for Re range 8.22E6 to 1.03E7 are necessary to confirm the 
validity of results obtained for this “surge zone”.  
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Appendix A 
Derivation of the equations of motion of a 
compressible viscous Newtonian fluid (Navier-Stokes 
equations) 
The flow field is specified by the velocity vector is defined by 
࢜ൌ݅ݑ൅݆ݒ൅݇ݓ  
The balance between the masses entering and leaving per unit time, and the change in the 
density for a non steady flow of a compressible fluid these written in the form 
ܦߩ
ܦݐ
൅ߩ݀݅ݒ࢜ൌ
߲ߩ
߲ݐ
൅݀݅ݒߩ࢜ൌͲ 
A1 
 
Here ܦߩܦݐΤ  denote the substantive derivative which consist of ߲ߩ ߲ݐΤ  and ࢜Ǥ݃ܽݎ ݀ߩ. 
For an incompressible fluid ߩൌͲ and the equation of continuty is  
݀݅ݒ࢜ൌͲ A1a 
From the Newton’s second low we have 
ߩ
ܦݒ
ܦݐ
ൌܨ൅  ܲ A2 
With  
	ൌ൅൅     body force A3 
ൌ୶൅୷൅୸ surface force A4 
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  ܦ࢜ܦݐΤ  denote the substantive acceleration which consist of ߲࢜ ߲ݐΤ  and 
࢜݀ ݀ݐൌΤ ሺ࢜Ǥ݃ܽݎ ሻ݀࢜. The surface forces acting on the boundary of a small volume ܸ݀ ൌ
݀ݔǤ݀ݕǤ݀ݖ are 
 
Figure 1: surface forces on a volume Dv 
The pressure force is 
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A5 
Introducing eq A5 in to A2 we have 
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If the fluid is frictionless then we have                                                                                                                     
௫߬௬ൌ ௫߬௭ൌ ௬߬௭ൌͲ 
ߪ௫ൌߪ௬ൌߪ௭ൌെ݌ 
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Consider the normal stress 
ߪ௫ᇱൌߪ௫൅݌ǡ ߪ௬ᇱൌߪ௬൅݌ǡ ߪ௭ᇱൌߪ௭൅݌ A7 
If we use the tensor calculus (more details could be found in [23]) we will have 
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According to Stokes hypothesis 
ߣൌെ
ʹ
͵
ߤ A10 
Taking Stokes hypothesis in to account we have  
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 A12 
With the aid of equn A7 the non viscous pressure terms can be separated in the equations 
of motion A6 so they become  
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The surface force in the x-direction can be written as 
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In identical notation 
ߩቆ
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Appendix B 
Experimental data from Schlichting and NACA report 
no 793 
 
 
Moment coefficient for rotating discs in flow as function of Reynolds number from literature 
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Appendix C 
Derivation of Von Karman’s solution and Cochran’s 
solution 
 
Conceder a steady motion of an incompressible viscous fluid near an infinite rotating disc 
which rotates with a uniform angular velocity ? , about ݎൌͲ (where ݎǡ׎ǡݖ are the radial, 
circumferential, and axial directions respectively.) in a fluid otherwise at rest. The layer near the 
disc is carried by it through friction and is thrown outwards owing to the action of centrifugal 
forces. If ݑǡݒǡݓ donate the velocity components in the respective directions and p is the 
pressure, and taking into account rotational symmetry we can write the Navier-Stokes equations 
(appendix A) in the cylindrical coordinates as: 
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The no-slip condition at the disc gives the boundary conditions 
 
ݑൌͲǡݒൌ ߱ݎǡݓൌͲܽݐݖൌͲ
ݑൌͲǡݒൌͲǡݓ՜െܿ݄ݓ ݁ݎܿ൐Ͳܽݐݖൌቅ C2 
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Then if we define ǡܷܸǡܹ to be functions of ݖ that satisfy 
 
ݑൌܷݎሺݖሻǡݒൌܸݎሺݖሻǡݓൌܹሺݖሻǡ݌ൌ݌ሺݖሻ C3 
Replacing equations C3 in equ.C1 we would have 

ଶܷെ ଶܸ൅ܹ
ܷ݀
݀ݖ
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ଶܷ݀
݀ݖଶ
ǡ
ʹܷܸ൅ܹ
ܸ݀
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ଶܸ݀
݀ݖଶ
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And the boundary conditions will be  
ሺܷͲሻൌͲǡܸሺͲሻൌ ǡܹ߱ ሺͲሻൌͲǡܷሺሻൌͲǡܸሺሻൌͲ C5 
 
If we define a non-dimensional variable 
ߞൌݖඥ߱ ߥΤ  C6 
 
with more four functions 
ܷൌ ߱ܨሺߞሻǡܸ ൌ ߱ܩሺߞሻǡܹ ൌξ߱ߥ ܪሺߞሻǡ݌ൌߩ߱ߥ ሺܲߞሻ C7 
 
inserting these  equations into  equations C4 we obtain a system of four simultaneous ordinary 
differential equations for the functions F, G, H and P 

ܨଶെܩଶ൅ܪܨƍൌܨƍǡ
ʹܨܩ൅ܪܩƍൌܩƍǡ
ܪܪƍ൅ ʹܨƍൌ ƍܲǡ
ʹܨ൅ܪƍൌͲǡ ۙ
ۘ
ۗ
 C8 
 
The boundary conditions can be calculated from equation 2 and are 
ܨൌͲǡܩൌͳǡܪൌͲ݂݋ݎߞൌͲ
ܨൌͲǡܩൌͲ݂݋ݎߞൌൠ C9 
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It is assumed that the function F and G at a distance ߜ from the wall are already very little 
different from zero, so the boundary layer thickness is constant along the wall hence ߜ is 
independent of ? . 
Integration of the first two equations of C8 between ? =0 and  ݖൌߜ , which gives ߞൌߞ଴ൌߜට
ఠ
ఔ
 
gives 
නሺܨଶെܩଶሻ
఍బ
଴
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Partial integration of the second integral, gives 
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 C12 
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݀ߞ
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hence equ. C8 becomes  
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approximate expressions for F and G are 
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where ߙ signifies a constant that is to be determined, this approximation gives  
ܨൌͲǡܩൌͳ݂݋ݎߞൌͲ 
ܨൌ
݀ܨ
݀ߞ
ǡܩൌ
݀ܩ
݀ߞ
݂݋ݎߞൌߜ 
And from C8 we can see 
ଶ݀ܨ
݀ߞଶ
ൌെͳǡ
ଶ݀ܩ
݀ߞଶ
ൌͲ݂݋ݎߞൌͲ 
Numerical integration for ܨଶ, ܩଶ and ܨܩ gives 

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If we Differentiate 15 and put ߞൌͲ we will have 
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݀ߞ
൨
଴
ൌെ
͵
ʹߞ଴
 
If we enter these last five values in equation C14 we will have two equations for ߙ and ߞ଴  

ͲǤͲͻͲ͵ߙଶെͲǤͲͲͻ͹ͺߙെͲǤʹ͵ Ͳͻ͵ ൌെ
ߙ
ߞ଴ଶ
ͲǤʹͶʹ ͺߙെͲǤͲʹ͵ʹ ൌͺ
͵
ʹߞ଴ଶ ۙ
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 Solving the above equations for ߙ and ߞ଴we will have  
ߙൌͳǤͲʹ͸ǡߞ଴ൌ ǤʹͷͺǡܪሺሻൌെͲǤ͹ͳǡܩƍሺͲሻൌെͲǤͷͺܽ݊ ݀ܨƍሺͲሻൌͲǤͶ 
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And hence the angular moment of the fluid leaving at the cylindrical surface (r= ௗܴ) in unit time 
is computed and equated to the moment of the frictional forces. 
ܯൌ ʹܴߨ ௗସ߱ߩ ଷଶΤߥଵଶΤ නܨ݀ܩߞ
఍బ
଴
 C18 
 
This integral from C14 is equal to 
නܨ݀ܩߞൌെ
ͳ
Ͷ
ܩƍሺͲሻൌͲǤͳͶ͸
఍బ
଴
 
ܯൌͳǤͺͶܴௗଷ
ଶܷߩ
ʹ
ͳ
ξܴ ݁
 C19 
 
 ܷis the circumferential velocity and ܴ݁  is the Reynolds number they denoted by 
ܷൌ ௗܴ߱ ǡܴ ൌ݁
ܷܴ ௗ
ߥ
 
 
So if we want the resistance of the disc exposed to flow from both sides equation C19 must be 
used twice. 
The resistance coefficient is 
௙ܿൌ
Ǥ͵͸ͺ
ξܴ ݁
 C20 
 
Derivation of Cochran’s solution 
Cochran made the same assumption for the Navier Stokes equation to reach the above 
system of equations C8 with the same boundary conditions in equation C9.  
The third of equations C8 gives P, where F, G, and H could be found by solving the first, second 
and fourth of equations C8. 
As ߞ՜  , ܨǡܩ՜Ͳ and ܪ՜െܿ  then the first two of equations 8 give 
ܨሷ൅ ܿܨሶൌͲ
ܩሷ൅ ܿܩሶൌͲ
ൠ C21 
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Where ሶ is the differential operator. 
Hence the solutions for F and G are 
ܨൌܥଵ݁ ௖ି఍ǡ ܩൌܥଶ݁ ௖ି఍ C22 
And from the third equation  
ܪሶൌെʹ ܨ C23 
Then 
ܪൌെܿ ൅
ʹܥଵ
ܿ
݁ି௖఍ C24 
Integration of the third of equations (C.8) gives 
ܲെ ଴ܲൌ
ͳ
ʹ
ܪଶ൅ ʹܨ C25 
Where ଴ܲis the value of  ܲat the plate. 
These results could be extended to include a disc of finite diameterൌ ʹୢ, on condition that 
the edge effect is neglected (by choosing the radius large compared with the thickness of the 
boundary layer). 
We shall now evaluate the turning moment on a disc. The contribution of an annular disc 
element of width ݀ݎ on radius ݎ is 
݀ܯൌെʹ ߨݎ݀ݎݎ݌௭׎ C26 
Where ݌௭׎  denotes the sheering stress and is given by 
݌௭׎ൌߩߥ
݀ݒ
݀ݖ
ൌߩሺ߱ߥ ଷሻ
ଵ
ଶݎܩƍሺߞሻ C27 
 
And hence the moment for one side is 
ܯൌെන ʹߨݎଶ݌௭׎݀ ݎൌെ
ͳ
ʹ
ߨሺܴௗሻସߩሺ߱ߥ ଷሻ
ଵ
ଶܩƍሺͲሻ
ோ೏
଴
 C28 
Hence the moment for both sides in terms of  Reynolds number is 
ܯൌെ
ߨܩƍሺͲሻߩሺܴௗሻହ߱ ଶ
ܴ݁
ଵ
ଶ
 C29 
With 
ܴ݁ ൌ
ሺܴௗሻଶ߱
ߥ
 
And the non-dimensional moment coefficient is (with ܣൌߨሺܴௗሻଶ the planform area of the disc) 
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ܥ௠ൌ
ܯ
ߩሺܴௗሻଷ߱ ଶܣ
ൌെܩƍሺͲሻȀξܴ  ݁ C30 
Integrating the first two of the equations C8 between  and  we will have two equations similar 
to C14 

නሺ͵ܨଶെܩଶሻ

଴
݀ߞൌെܨƍሺͲሻ
නͶܨ݀ܩߞൌെܩƍሺͲሻ

଴ ۙ
ۖ
ۘ
ۖ
ۗ
 C31 
Karman assumes that ܨଶǡܩଶ and ܨܩ fall off sufficiently rapidly so that a good approximation, 
for ܩƍሺͲሻ , which occurs in the moment equation C30, can be found by replacing the upper limits 
in the integrals by some finite value ߞ଴ of ߞ, or by supposing F and G zero for values of ߞ greater 
than ߞ଴ then we will have 
ܨሺߞ଴ሻൌͲǡܨƍሺߞ଴ሻൌͲǡܩሺߞ଴ሻൌͲǡܩƍሺߞ଴ሻൌͲǤ C32 
with the boundary conditions at the plate 
ܨሺͲሻൌͲǡܩሺͲሻൌͳ C33 
If we put ߞൌͲ the first and second equations of the system of equations C8 we will have 
ܨƍሺͲሻൌെͳǡܩƍሺͲሻൌͲ C34 
So we notice here further boundary conditions are ignored. We can found them by differentiating 
C8 before putting ߞൌͲ, then if ܨƍሺͲሻൌ  ܽ(ൌߙߞ଴Τ  in Karman’s solution) , so if we define F and 
G to satisfy C33,33 and C34 as 

ܨൌ൬ͳെ
ߞ
ߞ଴
൰
ଶ
൤ܽߞ൅൬
ʹܽ
ߞ଴
െ
ͳ
ʹ
൰ߞଶ൨
ܩൌ൬ͳെ
ߞ
ߞ଴
൰
ଶ
൬ͳ൅
ߞ
ʹߞ଴
൰
ۙ
ۖ
ۘ
ۖ
ۗ
 C35 
 
Differentiating the second equation of C35 and substituting ߞൌͲ gives 
ܩƍሺͲሻൌെ
͵
ʹߞ଴
 
Numerical integration for ܨଶ from 0 to ߞ଴ gives  
නܨଶ
఍బ
଴
݀ߞൌߞ଴ሾͲǤͲ͵ͲͳܽଶെͲǤͲͲ͸͹ͷܽ ൅ͲǤͲͲͲͶͲሿ C36 
This is different from Karman’s notation, so equation C17 should be 
Please purchase PDFcamp Printer on http://www.verypdf.com/ to remove this watermark.
 
 

ͲǤͲͻͲͶͺ ଶܽെͲǤͲʹͲʹͶܽ ൅ͲǤͲͲͳͳͻൌ
ͳ
ߞ଴ସ
ሺͲǤʹ͵ ͷ͹ͳെ ሻܽ
ͲǤʹͶʹ ͸ͺܽ െͲǤͲʹ ͸ʹʹ ൌ
͵
ʹߞ଴ସ ۙ
ۖ
ۘ
ۖ
ۗ
 C37 
Solving these new equations gives the values 
ܽൌͲǤͳͻͶ͸͸ǡߞ଴ൌ Ǥʹ͹ͻǡܨƍሺͲሻൌͲǤͷͶǡܩƍሺͲሻൌെͲǤͷͶǡܪሺሻൌെͲǤͷͷ C38 
 
 
Numerical integration of the equations 
Cochran obtain formal expressions for F, G and H in powers of ݁ି௖఍, he began with 
ܨƍሺͲሻൌͲǤͷͶ and ܩƍሺͲሻൌെͲǤͷͶ,(these values given by equations 38). Integrating the first, 
second and last of equation 8, led to obtain the sets of solutions corresponding to  
ܨƍሺͲሻൌͲǤͷͶǡܩƍሺͲሻൌെͲǤ͸ʹǡܨƍሺͲሻൌͲǤͷͲǡܩƍሺͲሻൌെͲǤ͸ʹǡܨƍሺͲሻൌͲǤͷͶǡܩƍሺͲሻൌെͲǤ͸ͲǤ 
The three sets above shows that the correct value of  ܨƍሺͲሻ lay between 0.50 and 0.54, 
and for ܩ¶ሺͲሻ lay between െͲǤ͸Ͳ and െͲǤ͸ʹ  more details for this section could be found in 
Cochran [23] after some assumptions he found that ܩƍሺͲሻൌെͲǤ͸ͳ which was െͲǤͷͶ in 
Karman’s method.  
And hence the moment for a disc wetted on one side is 
ܯൌ
ͳ
ʹ
ߨߩሺܴ ሻ݁ସሺ߱ߥ ଷሻଵଶΤܩƍሺͲሻൌ
ͳ
ʹ
כͳǤͻ͵Ͷכߩכሺܴ ሻ݁ସכሺ߱ߥ ଷሻଵଶΤ  C39 
And the non-dimensional moment coefficient for a disc wetted on both sides is 
ܥ௠ൌ
ʹܯ
ͳʹߩሺܴ ሻ݁ହ߱ ଶ
ൌ Ǥ͵ͺ͹Ȁξܴ  ݁ C40 
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